Leading idea of this manuscript is to discuss the structure and the deep correlations synthesized by the following diagram.
In particular, the role of logical operators constructed out of multiboson (and possibly fractionary-boson) operators will be analyzed in its relation on the one hand with the algebra of diffeomorphisms of the circle, on the other with the physical properties of the fractional quantum Hall effect (described in terms of Laughlin states) and of its many electron representation in terms of the Chern-Simons topological quantum field theory.
Ground state of many-fermion systems
In the fractional quantum Hall effect (FQHE) (assumed in this manuscript not only as a possible implementation setting, but as a general metaphor), as well as in other contexts, such as two-dimensional one-component plasma or statistical mechanics problems in ensembles of random matrices, one encounters (non-relativistic, infinitely) degenerate energy levels. In the FQHE case such levels describe charged particles constrained in a transverse plane by the interaction with a magnetic field and the levels are Landau levels, whose filling fraction labels the observed plateaux in the Hall conductance.
The basic idea is here that the two-dimensional configuration space of charged particles of the Hall effect should be equivalent to a one-degreeof-freedom phase space, quantum and therefore non-commutative [1] . In the presence of a (strong) uniform magnetic field B = Be z , the Lagrangian reads
where the weak confining potential V (x) can, for simplicity but with no essential loss of generality, be neglected whereas, adopting the symmetric radial gauge, the connection A = Bǫ i,j x j . There follows that (conserved) Hamiltonian, angular momentum, and momentum can be thought of, respectively, as
one can define two commuting harmonic oscillator algebras h(1), generated by bosonic operators {a, a † , I} and {b, b † , I} a .
with λ B ≡ c qB the ′ magnetic length ′ , which are such that
In the eigenspace H = span{|ℓ, n | ℓ, n ∈ N} of the two-dimensional harmonic oscillator (where, due to the cylindrical symmetry, r | n ≡ ψ n,ℓ (r, ϑ) = N ), whereas the angular momentum eigenvalues have value L n,ℓ = (ℓ − n). The quantum number n specifies what is referred to as a Landau level, and for each specific Landau level the fast relative coordinates are ′ frozen out ′ and the resulting system has a one dimensional dynamics. This holds in particular for the ground state (n = 0), where the only significan quantum number left is ℓ.
On the other hand, varying the magnetic field results in a circular electric field, related to B by the Maxwell equation
This in turn induces a change in the angular momentum, because the circular electric field generates a torque on the particle; indeed, since
(where d 2 S is the area element over the surface S whose boundary ∂S is the circle of radius r, field line of E, whereas dℓ is the line element along ∂S, and Φ is the magnetic flux through S), and the torque is M z = qEr, one has
There results an anyonic behaviour. Indeed, considering for simplicity a two-particle system, with Hamiltonian
where
and writing it in the center-of-mass and relative coordinate system, P .
, results in the decoupled motion of the center-of-mass and that of a charged ′ pseudo ′ -particle of mass 1 2 m moving along an orbit that encircles a flux Φ. For r ≡ (r, ϑ), upon performing the gauge transformation
(singular, because not single-valued, being ϑ defined up to integer multiples of π) in the new gauge the vector potential is switched off and H transforms to
which is the Hamiltonian of a system of two free particles. The gauge transformation induces a change in the wave function,
pointing out to an anyonic statistics. The latter is indeed characterized by the feature that the wave function describing the system of two particles is multiplied upon particle interchange by the non-trivial phase factor
On the other hand, the limit of strong B implies that in (1) m is negligible, thus, together with the confining potential, the kinetic energy term can be dropped in (1) . There results that the canonically conjugate momentum of x 1 is p 1 ≡ Bx 2 , whereby quantization is achieved (with the appropriate scale of units ( = 1) to simplify notation) by the commutation rule
In the absence of the confining potential all the eigenstates at each Landau level are degenerate, because it is V that removes the degeneracy. Single particle eigenstates are those, well known, of the harmonic oscillator,
and the corresponding normalized wave-functions
It is worth noticing that ψ n (z) can be thought of as the coherent state representation of |n over the complex plane C.
With the appropriate scaling one can assume as complete set of orthogonal states for the lowest Landau level [2] 
where z is a complex variable, and ℓ ∈ N, can be interpreted -in view of the role of x 2 -as the angular momentum eigenvalue. The normalization of the wave-functions ψ ℓ is
For a system of N non-interacting particles with Fermi statistics, since each state can be occupied by at most one fermion, the presence of the confining potential selects a unique ground state, which is the minimum angular momentum state. In the lowest Landau level second quantized orthogonal basis states Ψ {ℓ 0 ,ℓ 1 ,...,ℓ N−1 } ≡ Ψ {ℓ 0 ,ℓ 1 ,...,ℓ N−1 } (z 0 , z 1 , . . . , z N −1 ) are Slater determinants:
Since the multi-particle wave-function is by construction anti-symmetric with respect to permutations of the ℓ's, one can assume, with no loss of generality, that sub-indices ℓ i are ordered: 0 ≤ ℓ 0 < ℓ 1 < · · · < ℓ N −1 , whence
Now, the state with lowest total angular momentum corresponds to the choice ℓ i ≡ i , ∀i , i = 0, . . . , N − 1, for which the above determinant becomes
which is -up to a factor -a Vandermonde determinant. Notice that
Notice as well that the quantity
is one of the most fundamental objects of algebra: the discriminant of the monic polynomial
whose roots are just the z i 's. Recall that the discriminant D as well as its powers are functions (indeed admit a polynomial representation in terms) of the well known invariant elementary symmetric functions s k , 0 ≤ k ≤ N, whereby one can write
a property well known since the days of Newton. This property will be exploited in what follows viewing it from a particular perspective: the ring of symmetric polynomial functions with rational coefficients can be thought of as a graded vector space V over the field of rationals Q. Since each homogeneous subspace of V admits a basis in terms of Jacobi-Schur functions ch Y (z i ), labelled by partitions (or Young tableaux),
for s any positive integer. The notation ch is to remind us that these are the polynomial characters of the general linear group GL N . The physical feature that relates FQHE with the quantum Coulomb gas [3] is that electrons, even if subject to an intense magnetic field, are nevertheless still weakly interacting via Coulomb force (as well as, of course, with the substrate and the unavoidable impurities). Understanding the properties of such a system even at very low temperature (ground state) is in itself a quite difficult problem, yet the remarkable stability that such quantum fluids exhibit, shown in particular just by the existence of the Hall plateaux, led Laughlin to conjecture the existence of a wave function [4] for filling fraction ν = 1/(2s+1), s = 0, 1, . . . (odd denominator is required by Fermi statistics) of the form:
(where the normalization factor was omitted for simplicity) such that as z i → z j the wave function have zeroes of order 2s + 1. φ s has an expansion on the complete basis of (free) Slater determinants:
where the shorthand notation z ℓ 0 · · · z ℓ N−1 denotes the determinant of the matrix obtained from the given row by replacing z by z 0 in the first line, by z 1 in the second line, ... , by z N −1 in the N-th line. This in turn amounts to
An algebraic approach to fractional statistics in one dimension was originally proposed in [5] , [6] , where it was shown that for identical anyons the dynamical algebra does not consist of two (or several) independent h(1) algebras, as one might guess from the above analysis, but the separation of coordinates implies that it is a novel algebra whose generators are nonlinear in the single particle creation and annihilation operators and whose representations are characterized by parameters that can be thought of as depending on statistics. For example, in the case of two anyons the resulting algebra is su(1, 1), in a representation that can be related to the Holstein-Primakoff representation [7] .
We argue that, in view of the form of the wave funcion, the resulting algebra for the N → ∞ particle case should have two distinctive features: i) include an (infinite) number of su(1, 1) subalgebras, one for each particle; ii) be invariant under the group of permutations of the root of polynomial P(z) or, equivalently, of function ∆(z 0 , z 1 , . . . , z N −1 ). The latter identifies the group with the holonomy group of the braid group (see the seminal work of V.I Arnol'd in [8] ) and the generating algebra -in present case where the roots of P(z) are roots of unit -with that of the diffeomorphisms of the circle. This leads us to conjecture that in this case the relevant algebra is Virasoro's algebra. Since the elementary constituents are indeed fermions, we actually propose that the relevant algebra should be the Z 2 -graded (or ′ super ′ ) Virasoro algebra. It is interesting to point out at this point that recently the spin-network quantum simulator model (which essentially encodes the quantum deformed su(2) Racah-Wigner tensor algebra) was shown [9] to be capable of implementing families of finite-states and discrete-time quantum automata which accept the language generated by the braid group. This led to the construction of a quantum algorithm -indeed based on a discretized version of the Chern-Simons topological quantum field theory -whereby the invariants of 3-manifolds could be efficiently evaluated.
In two spatial dimensions the group relevant to the quantum statistics of particles is the braid group [10] , [11] , rather than the permutation group. Indeed the correct configuration space for a system of N indistinguishable particles, if X is the single particle configuration space, is not X ⊗ N , but rather X ⊗ N /S N , where S N is the (discrete) permutation group on N elements, but the exchange of a generic pair of particles in two dimensions, where only one (Cartan) element of the angular momentum algebra survives, allows for the generation of a phase α (see (2) interpolating between 2kπ (bosons), and (2k + 1)π , k ∈ Z (fermions). As a result, the possibility for non-standard statistics exists . The latter prospects two cases. Abelian anyons [12] , [13] , [14] is the first, transforming within a unitary abelian representation of the braid group. Anyons in the lowest Landau level, relevant to the quantum Hall effect, belong to this set [15] , [16] and provide realizations of ideal exclusion statistics [17] , [18] . A natural generalization is of course nonabelian anyons and the corresponding statistics, based on nonabelian representations of the braid group. Such statistics is the anyonic counterpart of parastatistics [19] , [20] . Just as abelian anyons can be thought of as ordinary (bosonic or fermionic) particles interacting through a non-dynamical abelian gauge field, nonabelian anyons can be represented as particles carrying internal degrees of freedom in some irreducible representation R of nonabelian group SU(n) interacting through an appropriate non-dynamical, nonabelian gauge field. What induces the statistics, then, is the group SU(n), the representation R and the coupling strength g of the internal degrees of freedom to the gauge field. A field-theoretic approach to achieving such statistics, in analogy with the abelian case, is to couple the particles to a nonabelian gauge field with a Chern-Simons action [21] , [22] , letting the system inherit the quantization condition expressed by g = 2/n, with integer n.
For N non-interacting spinless particles on the plane with internal degrees of freedom transforming in some finite-dimensional unitary irreducible representation R of SU(n), in the gauge where the Hamiltonian of the particles is free, the nontrivial statistics manifests in the wavefunction of the system, which is not single valued [23] . Under an exchange of particles following a path belonging to a given element of the braid group, the wave function transforms as some nonabelian representation of the braid group parametrized by the irreducible representation R of SU(n) and the statistics inducing coupling parameter g. 
are nonzero, can be thought of as well as the complex Lie algebra of real polynomial vector fields on the circle, and hence as a dense subalgebra of the Lie algebra of diffeomorphisms of the circle. W = n∈Z C L n , has basis elements, denoted by L n , n ∈ Z, given by
W contains infinitely many su(1, 1) algebras, generated by {L n , L −n , L 0 }, ∀n ∈ N , n > 0. W is equipped with a (unique) nontrivial one-dimensional central extensionW = W ⊕ Cc (up to isomorphisms of Lie algebras) with basis {c} ∪ {L n | n ∈ Z}, c ∈ Cc, with the commutation relations
W is called the Virasoro algebra, and denoted by V ir.
There exists an antilinear map Ω : V ir → V ir, which is in fact an anti-
defined by requiring that Ω(L n ) = L −n and Ω(c) = c. Contravariance of hermitian forms on representations of V ir and unitarity of such representations are always considered with respect to Ω. V ir has a triangular decomposition into the three Lie subalgebras [24] if it satisfies a further constraint of universality, namely that any two such highest weight representations are connected to each other by a unique epimorphism. This is equivalent to saying that there exists at most one highest weight representation of V ir for given weights (C, h), which is the Verma representation. The latter is unitary iff C ≥ 0 and h ≥ 0.
In two-dimensional conformal field theory and vertex operator algebra theory, modular functions and modular forms appear often as graded dimensions, or characters, of infinite dimensional irreducible modules. Although individual characters are not always modular in this way, it can be the case that the vector spaces spanned by all of the irreducible characters of a module are invariant under the modular group. In the case of the Virasoro vertex operator algebras, the Wronskians of a basis of the module were thoroughly studied [25] , leading to several classical q-series identities related to modular forms, using methods from representation theory. Of particular interest here is a class of Virasoro algebras related in conformal field theory to the so called Virasoro minimal models M(2, 2k + 1) (k > 2 an integer) [25] , [26] , [27] , [28] . For 1 ≤ i ≤ k, let
and let Λ(c k , h i,k ) denote the (irreducible) lowest weight module for the Virasoro algebra with central charge c k and weight h i,k . The representations are N-gradable and have finite-dimensional graded subspaces. One can therefore define the formal q-series
. It turns out [27] , [28] , that
One defines then the Wronskian in the following way. Let W k (q) and W ′ k (q) be k × k matrices of the form
, where ch
, and the derivation denoted by a prime is defined as
tion is due to the fact that for q = exp(i2πz), it is equivalent to 1 i2π
Given the two matrices above, one defines the Wronskians W k (q) and W ′ k (q) by
where α(k) and β(k) are rational numbers defined in such a way that the corresponding power series in q has leading coefficient (whenever it is nonvanishing) equal to 1. It was shown [29] that W k (q) is non-vanishing for all values of k and, upon setting a i,k . = h i,k − c k 24 , the two scaling factors are given by:
By expanding the matrix elements of W k (q) and applying the differentiation operator one gets
It is interesting to the purpose of this paper to notice that the smallest power of q in the power series for W k (q) can be calculated exclusively in terms of these leading values. Let w k be the leading coefficient of detW k (q); clearly
Even though this was to be expected (and is indeed almost tautologic: if detW k (q) = 0, then w k = α(k) −1 by definition), it is however surprising and crucial that the above expression is a Vandermonde determinant with entries in Q .
The super (Z 2 -graded) Virasoro algebra sV ir is an infinite 2-graded algebra containing V ir (with c = 0) as bosonic sector subalgebra, with generators {L n , G n , F n | n ∈ Z}, satisfying the defining relations [30] [
where the notation was introduced (
and the Z 2 -grading is achieved by requiring that
A realization of the graded algebra sV ir in terms of generators of su(1, 1)
, and of the Clifford algebra fermionic generators f + , f − (with anticommutation relations {f + , f − } = I, {f ± , f ± } = 0), is given by
where the representation to be adopted for su(1, 1) is constrained by the additional hermiticity constraints
The bosonic sector Witt algebra in such realization corresponds to the algebra of vector fields over the unit circle
The latter realization is not unique. An (inequivalent) one [32] , holding for V ir (possibly extendable to sV ir, but the result is not known yet), is given in terms of a bosonic Virasoro primary field a n of zero conformal weight and of its canonical conjugate a † n , of weight 1, n ∈ Z,
Here, as customary, :: denotes normal ordering, and λ and M are free parameters connected with the central charge c; c = 2 − 24 Mλ 2 .
This realization has a fermionic counterpart, with a fermionic Virasoro primary field f r of weight λ and its canonical conjugate f † r , of weight 1 − λ,
3 Logical operators
Generalized bit flip operator
A set of logical operators X (k) were defined in [33] ;
where E (k) is given in terms of k-boson algebra's operators
These operators act in a simple way on the orthonormal computational basis of a k-dimensional ′ qukit ′ constructed in the following way. Let
be the normalized highest weight vector of the k-boson algebra [34], annihilated by A k and parametrized by (k − 1) angles ϕ ℓ , ℓ = 0, . . . , k − 2 (k ≥ 2), where for simplicity coefficients c j are assumed to be real,
The coherent states
are the codewords looked for. Naturally for k = 2 one retrieves the usual binary computational scheme: indeed in this case the states |0 , |1 are the even and odd components, respectively, of the coherent states of the 2-boson algebra and define the computational basis of a qubit. X (k) and X (k) † realize the following two basic ′ bit-flip ′ operations on the codewords (10)
The matrix representation of X (k) with respect to the computational basis {|j | j = 0, . . . , k − 1} (not to the Fock number-states |kℓ + j , ℓ ≥ 0, j = 0, 1, . . . , k − 1), is given by the traceless unitary matrix R (k) of elements
which for k = 2 reduces to the bit flip operator of the binary computational scheme.
In (9) , operator E (k) consists of a purely combinatorial regular factor,
where the coefficients S (m) k are Stirling numbers of the first kind [35] , and of a part taking into account the residues in the modular arithmetics we are overimposing on the Fock space, represented by the operator G (k) , given by
The polynomial of degree k − 1 (in the variableD k 's) at the r.h.s. interpolates the k points (0, 0), (1, 1), (2, 1) , ..., (k − 1, 1). Its coefficients p 
is but a special case of Vandermonde matrix (indeed it is just the matrix entering ∆ in (4) and w k in (8), in which N ≡ k, and z j ≡ j), therefore the coefficients p
are readily obtained by the well known inversion formula for Vandermonde matrices [36] , [37] .
Resorting, for polynomial (6) (once more with N ≡ k), to the expansion (7) in terms of symmetric polynomials s q (z 1 , · · · , z k ), sum of all the inequivalent products of degree q, 0 ≤ q ≤ k, in the k variables z 1 , · · · , z k , s 0 (z) . = 1, and setting
This straightforwardly leads [38] to have, as eigenvalue of the operator
where ⌊x⌋ denotes the integral part of x, namely the maximum integer ≤ x, ζ ℓ = exp i2π ℓ k , ℓ = 1, . . . , k − 1, and, setting ζ 0 . = 1,
It is intriguing that (ζ j − 1) C (N ) j equals the inverse of D(ζ 0 , ζ 1 , . . . , ζ N −1 ), as defined in (5) .
The above realization of logical operators in terms of k-boson operators has interesting features with respect to an underlying group structure that was introduced several years ago in the context of squeezed states [39] . Let F (k) denote the transformation, F (k) : h(1) → h(1), whereby k-boson operators (k ∈ N ; k ≥ 1) are constructed out of creation and annihilation operators for ordinary bosons;
, where
For given k, the non-linear transformations F (k) generate a semigroup. In view of the property that, for k, ℓ ∈ Z,
such semigroup can be extended formally to the abelian group of canonical transformations over pairs of conjugate operators (that for simplicity we denote by the same symbol),
Indeed, one can define first the inverse transformation F −1
and -upon equating F −1
F (r) was assumed to generate what were referred to in [39] as ′′ fractionary bosons ′′ . We argue that, on the one hand these correctly describe the collective excitations of the FQHE, whereas on the other the construction reported should allow us to implement the logical operators X (k) in terms of anyons, namely as X (r) , generalizing the notion of ′ qukit ′ to that of qurit, with r rational.
4 The quantum field theoretical perspective
Chern-Simons matrix models and Laughlin wavefunctions
Another unexpected connection comes from the deep relation that exists between FQHE and non-commutative quantum field theory, pointed out by Susskind [40] , who proved how Laughlin states at filling fraction ν for a system of (infinitely many) electrons in the lowest Landau level could be described by a U(1) Chern-Simons theory. The action that describes the matrix Chern-Simons model is given by
where X a , a = 1, 2, are N × N matrices and Ψ is a complex N-vector, that transform in the natural way under the action of the gauge group U(N),
The equation of motion for A 0 induced by such action gives rise to the constraint
where θ is given by the equation
implied taking the trace of C. Notice that if Ψ is not present, parameter θ must vanish: in this case the action S becomes that of a one-dimensional hermitian matrix model in an harmonic potential, which has been shown to be equivalent to a system of N fermions in a confining potential [41] . Quantization leads then to commutation relations that are the obvious generalization of (3):
with an Hamiltonian which describes a set of N(N − 1) oscillators coupled via the constraint C, of the form
Indeed, one can check that, upon quantization, C becomes the generator of unitary transformations of both X a and Ψ, NBθ must be an integer, whence Bθ = κ, with κ integer, and the physical states are singlets of SU(N). In particular, the ground state must be of the form
where the vacuum |0 is annihilated by both A's and Ψ's. On this structure coherent states |z, ψ can be defined,
where, of course, z is now a N × N matrix, and ψ an N-component complex vector.
We can express the norm of the ground state (13) in terms of these coherent states, resorting to their completeness,
The latter can be straightforwardly turned into the form, analogous to the quantum mechanical QFHE case,
Upon parametrizing the coordinates of the N → ∞ electrons in an external magnetic field in a ′′ fuzzy ′′ (mean field) way in terms of two (now infinite) hermitian matrices X a , a = 1, 2, (units such that electric charge q = 1), gives rise to a gauge action of the form [40] 
where the inverse of parameter θ can now be explicitly recognized to measure the electron density ̺ (indeed ̺ = (2πθ) −1 ). If one identifies the ′ coordinates ′ X a with the (covariant) derivative operator, X a ∼ θD a , and sets D 0 = −i∂ t + A 0 , such action turns out to have the form of a non-commutative Chern-Simons action [42] , whose well known operatorial form is
The time component A 0 of the gauge field ensures here gauge invariance; its equation of motion indeed imposes the Gauss law constraint, which in turn amounts to
Gauge transformations are conjugations of X a or D a by arbitrary (possibly time-dependent) unitary operators; in the QHE context they have the meaning of reshuffling of the electrons. The generator of gauge transformations is
which allows us to recognize (Bθ) −1 as the filling fraction ν. As gauge transformations are identified with reshuffling of particles, the above equation for G has the interpretation of endowing the particles with quantum statistics of order ν −1 . Coming finally to finite quantum Hall states consisting of N electrons, obviously the X a 's have to be represented by N × N matrices, for which the action (14) and constraint equation (3) are no longer consistent. A modified action has to be written to capture the true physical features of the FQHE, which differs from (12) simply for the terms taking into account fractionary filling and harmonic confinement:
that interpolates between (12) and (14) . It is intriguing that a formal structure which, based on the underlying combinatorial skeleton inherent in the logical operators for quantum information processing in terms of k-bosons, was constructed building over the physical platform of systems endowed with anyonic statistics, carried through a set of inequivalent but isomorphic representations, eventually made us land on the object (a discretized version of the Chern-Simons topological quantum field theory) that is the pillar over which the automaton-based quantum algorithm allowing us to estimate efficiently the invariants of 3-manifolds is rooted [9] , [43] .
Conclusions
In this essay we tried to point out the deep formal structural unity as well as the unexpected physical correlations among different quantum physical systems, and to explore how such correlations bear on the capacity of the system to carry (encode) and manipulate information. The role of logical operators constructed out of multi-boson (and possibly fractionary boson) operators was the starting point of the analysis, which has led us to identify its relation -through the crucial ingredient of Vandermonde determinants, which embody all the combinatorial and transformational features of the theories considered -on the one hand with the algebra of diffeomorphisms of the circle (crucially entering several fields of physics, mainly conformal field theories), on the other with the physical properties of the fractionary quantum Hall effect (as described in terms of Laughlin states) and of the many electron representation in terms of the Chern-Simons topological quantum field theory. The cross breeding among such a priori quite distant domain of theoretical physics promises to be fruitful of novel, unexpected, and -if successful -certainly far reaching results.
[31] In a canonical quantization scheme the self-adjoint Lie algebra generators {K 1 , K 2 , K 3 } of SO ↑ (1, 2) correspond to the classical polar coordinate variables in R 2 , R x . = r cos φ, R y . = r sin φ and R z . = r, respectively, whose Poisson brackets {R x , R y } P B = R z , {R z , R x } P B = −R y , {R z , R y } P B = R x satisfy the same algebra. In analogy with the classical case (cos φ = r −1 R x , sin φ = r −1 R y ) the definition: cos φ ≡ 
